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Introduction
In recent years, there has been an increasing awareness of cracking in reinforced concrete (RC) structures due to reinforcement corrosion. Such cracks frequently propagate to the surface resulting in concrete spalling or loss of bond. This type of cracking has been recognized as a major and costly problem for bridge decks of highway structures. Corrosion products occupy a more volume than the parent steel reinforcement. Subsequently, expansive pressure is exerted at the steelrust-concrete interfaces. As the volume of corrosion products reaches to a critical value, it results in appearance of microcracks within the surrounding concrete medium. The reduction of the steel cross area and expansion of the rust result in weakening the bond strength between steel and concrete as well as lowering the strength of concrete cover due to appearance and growth of microcracks. Such effects lessen serviceability, durability, and strength of RC structures significantly. Thus, the RC structures located in coastal and offshore regions are of major concerns since these structures are frequently subjected to cyclic or tidal exposures initiating dry-wet cycles and providing a constant source of salts containing chloride and sulphate ions. These aggressive ions can easily enter the microcracks from the surface of concrete, and generally accelerate corrosion reactions, which subsequently cause severe damage to the above-mentioned structures.
The examination of post-corroded specimens reveals that a certain amount of rust may be carried away from the rust layer and deposited within the vacant spaces of microcracks [1] . On the other hand, in a relatively porous and wet concrete, the corrosion products migrate through the pores and microcracks of the concrete such that it can blemish the concrete surface. A combination of the convection and diffusion processes causes rust movement from the rust-concrete interface toward 0307-904X/$ -see front matter Ó 2010 Elsevier Inc. All rights reserved. doi:10.1016/j.apm.2010.11.039 the outer surface of concrete. Migrated rust (i.e., penetrated rust) does not contribute to the pressure build up on the inner surface of the concrete wall. Therefore, a rational prediction of the amount of deposited rust within the microcracks would be imperative for a more realistic descriptive model.
Regarding simulation of steel corrosion in concrete, Bazant [2] developed a physical-mathematical model to describe the various processes involved in the corrosion problem. The transport processes of the corrosion products, including the diffusion and the mass input from the sources of ferrous hydroxide and hydrated red rust due to chemical reactions, was formulated for the case of concrete exposed to sea water. It was stated that due to fairly insolubility of ferrous hydroxide, one might doubt that it can diffuse through concrete but if this diffusion was not considered, the dependency of electric potential difference between anode and cathode could not be introduced into the model. Pantazopoulou and Papoulia [1] investigated the effects of penetration of rust into the microcracks on the evolution of rust-concrete interface pressure, crack front, and strain field within the concrete cover. Their study was restricted to the case that the total available spaces within the microcracks are filled with the corrosion products. Moreover, they assumed rust as a rigid material. Shodja et al. [3] proposed an evolutionary theory of concrete deterioration due to reinforcement corrosion and introduced a parameter, b, defined as the ratio of the volume of the rust penetrated into the microcracks to the total volume of the cracks. The volume fraction, b has an important role in the determination of the time to cover cracking and the corresponding amount of the consumed rebar. The obtained results indicated that the amount of rust penetrated into the microcracks has a substantial effect on the evolution of the radial stress at the rust-concrete interface and the crack front radii of the damage zone. In this work, a steel-rust-concrete composite system consisting of a circular cylindrical concrete cover and a coaxial uniformly corroding steel reinforcement is considered. Given crack width openings (CWOs) and strain field on the surface of the concrete cover, an analytical solution for the nonlinear inverse problem of recovering the penetrated rust is proposed. A fairly rational mechanical behavior of rust and concrete as described, respectively, in Sections 2 and 3 is incorporated. Smeared crack model is employed for crack propagation in the concrete medium due to reinforcement corrosion. The explicit laboratory data relating the mentioned surface measurements to the evolution of the amount of penetrated rust into the microcracks is not available. However, with some effort, Shodja et al. [3] extracted such information from the relevant laboratory experiments and reported reasonably good agreement between experimental results and those obtained from their theory. The present results are verified with the corresponding results of the model proposed in [3] . Furthermore, the role of different parameters associated with the mechanical behavior of rust and concrete in the evolution of the amount of penetrated rust into the microcracks is studied in some detail.
Definition of the mechanical problem
Consider a circular cylindrical RC specimen with a considerable ratio of the length to the diameter as depicted in Fig. 1(a) . The longitudinal reinforcement with initial radius R st is embedded in concrete with cover thickness C, and R con = R st + C (see Fig. 1(b) ). The reinforcement corrosion keeps on such that reduction of steel rebar radii takes place similarly on the surface of rebar along a considerable length. Due to uniform corrosion on the rebar surface, the rebar radius is reduced to R cb , and a thin layer of rust with a thickness equal to t r surrounds the corroded rebar. It is assumed that the corrosion products expand freely, then the radii of rust front (R r ), R cb , and t r could be expressed as (see Fig. 1 (c))
where V r and V s are the volumes of the generated rust and consumed rebar, respectively. The values of V r and V s would be available from the experimentally observed data or appropriate mathematical models for the production of rust. In this work, the model of Liu and Weyers [4] is employed to determine the volumes of produced rust (V r ) and consumed steel (V s ) as follows: in which q st is the steel density in kilograms per cubic meter, r m is the ratio of iron mass to the molecular mass of the corrosion products, a is the ratio of steel density to the corrosion products' density, i corr is the corrosion current density in amperes per square meters, D st is the original steel diameter in meters, t* is the time parameter in seconds, and the unit of V r or V s is the cubic meter per unit length of the anode. It should be noted that t* is measured from when the depassivation of reinforcement occurs and the corrosion reactions start with a constant corrosion current density due to the formation of anodes and cathodes on the surface of reinforcement. At the beginning of the corrosion process, exertion of pressure to the wall of concrete at its interface with the rebar increases with volume of the corrosion products. When the hoop stress of concrete at its interface with rust exceeds the tensile strength of concrete, microcracks are formed along the radial directions. By employing smeared crack approach for crack propagation, the elastic field is expressed in terms of average displacements and stresses. Therefore, integration exceedance of the average hoop tensile strain to the cracking strain ( cr ) over the ring pyramid, represents a sum of crack width openings. As a result, the total crack width openings at a ring with radius r can be estimated as:
where the superscript 'con' stands for concrete medium, u is the radial displacement, and ds denotes an infinitesimal pyramid element. Consequently, the total volume of the vacant spaces of microcracks per unit length of reinforcement would be
in which H is the Heaviside step function and R cr represents the radii of the crack fronts. In the work of Pantazopoulou and
Papolia [1] , the term cr has been omitted from the expression for CWO. Furthermore, Shodja et al. [3] evaluated the volume of microcracks with an approximation. They assumed that the two sides of each open microcrack remain straight lines during the corrosion process. Through this simplification, they examined the problem under consideration using an analytical solution. However, Eq. (3) shows that CWO varies with the hoop strain field within the concrete, and doesn't necessarily change with a constant rate along the radius. It is presumed here that b times the total volume of the vacant spaces of microcracks are occupied by rust, so that
and therefore,
Based on the work of Lundgren [5] , the stress-strain relation of the rust material under compression could be expressed as:
where corr is the radial compression strain of the rust layer and r corr is the radial compression stress within the rust layer.
The parameters K corr and n corr were determined by Lundgren [5] according to the experimental works of other researchers [6] [7] [8] [9] . Moreover, Ouglova [10] showed that behavior of rust, similar to that of powder materials, under compression can be described via a nonlinear constitutive relation with plastic strain. The experimentally observed data of Ouglova [10] was in line with the obtained results of Lundgren [5, 11] . It is assumed that the thickness of rust is negligible in comparison with the radii of rust front. As a result, the radial stress does vary slightly along the thickness of the rust
Furthermore, it can be proved that generation of rust between steel and concrete produces displacement discontinuity as [3] 
According to the damage level within the concrete, the generated cracks may be either macrocracks, detectable by visual inspection, or microcracks, which can be detected only with microscopes or non-destructive tests. Therefore, the time history of the crack width openings and the location of microcracks inside the concrete, specifically at the surface of concrete, could be often available from observations made during the corrosion process of reinforcement. On the other hand, the value of radial displacement at the surface of the cylindrical concrete specimen could be determined based on experimentally observed data by the strain gauges or the measured sum of crack width openings of microcracks at the concrete surface. As a result, a proper linear combination of the above-mentioned sets of observed data could be used for the estimation of radial displacement at the surface of the concrete cylinder as:
in which h is the appropriate value of hoop strain at the concrete surface measured by strain gauges, g CWO is the measured crack width openings at the surface of concrete, and cr denotes the tensile strain capacity of concrete. v is a weight parameter such that 0 6 v 6 1. Its value could be chosen based on the uniformity of strain gauges data and crack patterns that appear on the surface of concrete.
Mathematical modeling and analytical solution of the problem
The following assumptions are made in the proposed mathematical model for predicting the amount of penetrated rust into the microcracks due to reinforcement corrosion: (1) The rebar corrosion occurs likewise and uniformly on its surface along a sizeable length; (2) The mechanical behavior of steel, rust, and concrete are considered to be linear isotropic, power-law material (see Eq. (7)), and age independent nonlinear anisotropic (see Eqs. (18) and (19)), respectively; (3) The evolution of hoop strain on the concrete surface is appropriately known through the corrosion process. After the crack fronts reach to the surface of concrete, the measured sum of crack width openings at the concrete surface can be used as the complementary data for a more accurate estimation ofũ r according to Eq. (10); (4) The RC cylinder is assumed to be so long that any plane transverse section remains plane under rebar corrosion. Moreover, both ends of the cylinder are free from any constraint. As a result, the equilibrium equation reads:
in which r r and r h are the radial and hoop stress components, correspondingly. The z axis of the cylindrical coordinates (r, h, z) is considered along the longitudinal axis of the RC specimen. Denoting the radial displacement by u, the radial strain ( r ) and the hoop strain ( h ) could be written as:
in which E a and m ab (a, b = r, h) denote the elastic modulus and Poisson's ratio of concrete, respectively. Hence, the stressstrain relations are obtained as:
where
the requirement of symmetry of the anisotropic stiffness matrix reads, D rh = D hr . Therefore, the governing equation of the thick walled concrete takes the following form:
Due to the axisymmetric conditions of the problem, the hoop and the radial stresses are the tensile and compressive principal stresses, respectively. The radial smeared cracks are assumed to configure as the hoop stress exceeds the tensile capacity of concrete. Moreover, the mechanical behavior of concrete in the radial direction is given by [12] :
and stress-strain in the tangential direction is simulated by the following bilinear model [13, 14] 
Dependency of the parameter j to r in the cracked concrete medium results in the complexity of finding a closed form solution for Eq. (15) . To overcome this difficulty, the concrete medium is divided into N layers such that the value of j i is nearly constant within each layer (as shown in Fig. 2) . Therefore, the required components of elastic field associated with the ith layer of concrete are readily expressed as: 
where in Eqs. (20)-(24), r iÀ1 < r < r i , in which r i represents the outer radius of the ith layer of concrete and there is no sum on i;i = 1,2,. . . , N. Based on the second and fourth assumptions, the displacement and stress components in the steel medium are readily provided as: Fig. 2 . Schematic representation of steel-rust-concrete composite utilized for predicting the amount of corrosion products penetrated into the microcracks.
where E st is the elastic modulus of steel rebar and m st is its Poisson's ratio. To analyze the steel-rust-concrete composite media, there are 2N + 1 unknown coefficients which should be determined by imposing the appropriate boundary conditions. In addition to the interface conditions, given by Eqs. (8) and (9), at the steel-rust-concrete interfaces, the radial components of displacement and stress across adjacent layers within the concrete medium must be continuous: 
by imposing the conditions in Eqs. (8), (27), and (28) to Eqs. (20) and (25), the following set of equations are obtained
where the elements of K have been presented in Appendix A.1. Dependency of the material properties of the concrete medium to the strain field would lead to the nonlinearity of K (see Eqs. (18) and (19)). To solve the set of nonlinear equations in Eq. (29), Newton's method is employed. Hence,
the values off and b K are calculated in x old , which is the previous value of x new in the iteration process. Moreover, the computed elements of matrix b K are provided in Appendix A.2. Therefore, the unknown parameters of Eq. (29) could be determined by doing iterative operations until finding the accurate result. Eq. (9) could be rewritten as:
where the parameters A 1 and B 1 are now known quantities. By solving the nonlinear Eq. (34) in terms of d and utilizing Eq. (5), the amount of penetrated rust into the microcracks could be predicted by:
in which the value of V cr is determined from Eq. (4). Eq. (35) furnishes the mathematical expression for the amount of penetrated rust into the vacant spaces of microcracks.
Results and discussion

Validation of the proposed solution
Unfortunately, no direct experimental measurements of the amount of penetrated rust into the vacant spaces of microcracks, the evolution of both CWOs and hoop strain field at the surface of concrete as well have been reported in the literature. Therefore, the authors should calibrate the proposed model based on a particular parameter from the experiments. Subsequently, the verification of the proposed model with other experimentally observed data may be performed. To this end, consider the experimental results of Rasheeduzzafar et al. [16] on four specimens R 1 , R 2 , R 3 , and R 4 given in Table 1 . The required geometrical data, D st and C, and the measured data, f 0 c ; W s , and T cr for each tested specimen are provided in Table 1 ; wherein T cr is the time of surface cracking and W s is the percentage amount of weight loss of reinforcement through the corrosion processes up to the time of concrete surface cracking. The values of T cr and W s provided by the experiment of Rasheeduzzafar et al. [16] are compared with the predicted results of Bhargava et al. [17] , Bhargava et al. [17] based on the models of other researchers, and the results of the present direct approach in Table 2 . For convenience, a brief discussion of the direct approach is given in Appendix A.3. The value of b is estimated such that the best correspondence between the predicted and experimentally observed amount of consumed rebar for all specimens is obtained. Based on the least square method, we obtained b = 0.33. In order to determine T cr , it is assumed that the microcracks would be detectable at the concrete surface when CWO(R con ) = 5 Â 10 À5 (m). As it is expected, a reasonably good agreement between the predicted results of W s and the experimentally observed data is achieved. It is obvious from Table 2 that there is a considerable difference between the predicted results of T cr . However, the predicted values of T cr by the direct approach are closer to those of the experimentally observed data for most of the specimens. Furthermore, the obtained results are in line with those of Bhargava et al. [17] for all specimens. It is worth mentioning that the employed model for rust production has been calibrated based on the test data of Liu [19] for outdoor conditions. In contrast to the experimental tests of Liu [19] , the present specimens were subjected to accelerated corrosion test. Such a fact could mainly affect the predicted values of T cr and W s .
Prediction of the parameter b
In order to investigate the correctness of the proposed analytical solution, the reproduced values by this methodology are compared with the results of direct approach, [3] . To this end, consider the RC cylindrical specimens I, II, and III in which their data have been summarized in and is measured from the onset of reinforcement corrosion. Table 1 Experimentally observed data for tested specimens by Rasheeduzzafar et al. [16] .
Design specimen Table 2 Comparison of the time to cover cracking and amount of consumed reinforcement provided by the experimental work of Rasheeduzzafar et al. [16] for beam specimens with those evaluated by Bhargava et al. [17] and the direct approach.
Design specimen Experimentally observed data [16] Bhargava et al. [17] based on the Morinaga's model [18] Bhargava et al. [17] Table 3 Properties of circular cylindrical specimens subjected to uniform corrosion of reinforcement.
Design specimen The so-called direct approach is employed to determine the displacement and stress fields within the composite media for each specimen at each time. The predicted time of surface cracking for specimens I, II, and III in order are 253, 40.33, and 1.167 days. The obtained hoop strain and sum of crack width openings at the surface of each specimen by the direct approach have been presented in Table 4 for ten different times. These data have been organized such that approximately half of them correspond to the time after surface cracking. We utilize these data for reproducing the displacement field in the steel-rustconcrete composite media by using the proposed model. The estimated results of the proposed analytical model and direct approach have been presented in Tables 5-7 for the design specimens I, II, and III, respectively. The parameters which correspond to the proposed analytical model are indicated by '^' over them, whereas the parameters associated with the direct approach are presented in the plain form. As the results show, there is a good agreement between the predicted results of the proposed model and those of the direct approach for the parameters CWO, t r , d, and b at different times for all specimens.
Sensitivity analyses of the parameter b
Lack of information about the amount of corrosion products penetrated into the vacant spaces of microcracks, encouraged the authors to propose an analytical model to investigate this matter by gathering some appropriate data from the concrete surface (i.e., the values of hoop strains and crack width openings at the concrete surface) during the process of reinforcement corrosion. However, it is believed that some differences would exist between the predicted values of the proposed analytical model and the experimentally observed data. This is mainly related to the lack of comprehensive information about the mechanical behavior of rust as well as the chemical and physical properties of the rust material. In this part, the roles of the parameters associated with the mechanical properties of concrete and rust on the variation of the parameter b are scrutinized in some detail.
Consider design specimen III, which is subjected to accelerated corrosion current density (see Table 3 ). It is assumed that the measured data from the surface of concrete would be available as presented in Table 4 . To study the effects of the above-mentioned parameters, it is expedient to define the following normalizations:
n corr ¼ n corr =n Table 4 The hoop strains and crack width openings at the surface of RC cylindrical specimens at different times by using the direct approach. Table 5 Comparison the reproduced values of CWO, t r , d, and b by the proposed analytical model with those of direct approach for the design specimen I at different times. m rh increases at each time. Fig. 3(b) shows the effect of initial elasticity modulus on the time evolution of b for the normalized values of E 0 ¼ 0:9, 0.95, 1.0, 1.05, and 1.10. Just before and right after the onset of surface cracking, the plotted results of b associated with different material properties are obviously distinct. As time passes, the variation of E 0 leads to a slight variation in the amount of b. Fig. 3(c) presents the Fig. 4(a)-(d) indicates that the effects of the parameters associated with rust before the surface cracking occurs are more influential on the predicted value of b with respect to those after surface cracking. Furthermore, among all the studied parameters associated with rust, the variation of a has the most influence on the variation of b. This fact guides us to determine more precisely the density of the corrosion products to obtain more accurate results from the mathematical model.
Conclusions
A mathematical model is proposed to predict the penetrated rust into the microcracks from a set of data measured at the surface of the concrete. A circular cylindrical specimen of concrete with a coaxial reinforcement under uniform corrosion is considered. The generated values of hoop strains and crack width openings at the concrete surface are imposed to the proposed model by an appropriate boundary condition. The mechanical behavior of steel, rust, and concrete are presumed to obey linear isotropic, power law, and nonlinear anisotropic with post-cracking softening, correspondingly. Smeared crack model is employed for modeling of the reinforcement corrosion which causes microcracks propagation within the concrete. The governing equations lead to a nonlinear boundary value problem which is solved analytically. Due to lack of experimentally observed data for the parameter b, the results of the proposed model are compared with those of the previously developed model for concrete deterioration due to reinforcement corrosion. A comparison between the results of these two models reveals that the proposed analytical model is capable of reproducing t r , d, and b before and after surface cracking successfully. Furthermore, the effects of different parameters associated with the mechanical behavior of rust and concrete on the time evolution of b are studied before and after surface cracking. decreases as the Poisson's ratio, tensile strength, and residual tensile strength of the concrete increase. Moreover, before surface cracking of the under study specimen, the predicted value of b generally increases with the initial elasticity modulus of concrete. Further studies show that the effect of the parameters associated with the corrosion products on b are more influential than those associated with the mechanical behavior of concrete. The results notice that the predicted value of b dramatically increases with the ratio of the steel density to the rust density; however, b decreases with the ratio of iron mass to the molecular mass of the rust. The obtained results also indicate that the variations of tensile strength of concrete, the density, and the chemical components of the corrosion products have the most influence on the variation of b, specifically before surface cracking of the studied specimen.
Although the present work will be improved in the future, it is hoped that it could provide useful guidelines for further experimental works to investigate the amount of corrosion products penetrated into the microcracks of concrete due to reinforcement corrosion. . . .
Appendix
in which the values of the required partial derivatives in Eq. (37) are calculated for different cases as follows:
Case I: j i = 0 
Therefore, the unknown coefficients in Eq. (52) are evaluated at each time step by doing iterative operations.
